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Abstrat
We alulate the Emptiness Formation Probability (EFP) in the spin-Calogero
Model (sCM) and Haldane-Shastry Model (HSM) using their hydrodynami de-
sription. The EFP is the probability that a region of spae is ompletely void
of partiles in the ground state of a quantum many body system. We alu-
late this probability in an instanton approah, by onsidering the more general
problem of an arbitrary depletion of partiles (DFP). In the limit of large size
of depletion region the probability is dominated by a lassial onguration in
imaginary time that satises a set of boundary onditions and the ation alu-
lated on suh solution gives the EFP/DFP with exponential auray. We show
that the alulation for sCM an be elegantly performed by representing the
gradientless hydrodynamis of spin partiles as a sum of two spin-less Calogero
olletive eld theories in auxiliary variables. Interestingly, the result we nd for
the EFP an be asted in a form reminising of spin-harge separation, whih
should be violated for a non-linear eet suh as this. We also highlight the
onnetions between sCM, HSM and λ = 2 spin-less Calogero model from a
EFP/DFP perspetive.
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1. Introdution
One-dimensional integrable models have an important role in the study of
strongly orrelated systems. When the redued dimensionality makes intera-
tion unavoidable, perturbative tehniques an quikly loose appliability and
over the years more sophistiated tools have been developed to takle these
problems. These tools learly involve ertain approximations and the existene
of an exat solution for some models an allow to hek their validity.
The onventional approah in solving quantum integrable model is known
as Bethe Ansatz (and its generalization). It is very suessful in onstruting
the thermodynamis of a system, but not very suitable to study its dynamis
and the orrelation funtions, due to the inreasing omplexity of its solutions.
However, a very elegant formalism was developed using the Quantum Inverse
Sattering Method (QISM) [1℄ to express orrelation funtions as determinants
of ertain integral operators (Fredholm determinants). In this formalism, the
simplest orrelation funtion one an write is known as the Emptiness Formation
Probability (EFP) and measures the probability P (R) that a region of length
2R is ompletely void of partiles. For lattie models, one is interested in P (n),
the probability that n onseutive lattie sites are empty. In spin hain, taking
advantage of the Jordan-Wigner mapping between partiles and spins, the same
quantity an be thought of as the Probability of Formation of Ferromagneti
Strings (PFFS), i.e. the probability that n onseutive spins are aligned in the
same diretion.
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One should notie that the EFP is an n-point orrelator and is, therefore,
a muh more ompliated objet ompared to the usual two-point orrelation
funtions one normally studies in ondensed matter physis. However, due to
the strongly interating nature of the 1-D model, the QISM tells us that it is
in fat no worse than other orrelators between two points a length n apart
and even somewhat simpler and more natural. Moreover, the EFP is one of
those extended objets like the Von Neumann Entropy, or the Renyi Entropy,
that in reent years have attrated a lot of interest beause of their ability to
apture global properties that were not observed before from the study of 2-point
orrelation funtions. The latter quantities are of ourse motivated by studies
of entanglement and quantum omputation, while the EFP arises naturally in
the ontest of integrable theories.
Despite the laimed simpliity, the alulation of the EFP is by no means an
easy task. For some models, the spei struture of the solution has allowed to
nd the asymptoti behavior of the EFP as n→∞. For instane, the EFP in the
whole of the phase-diagram of the XY model was alulated in [2, 3, 4, 5℄ using
the theory of Toeplitz determinants, while for the ritial phase of theXXZ spin
hain the solution was found in [6, 7, 8℄ using a multiple-integral representation.
The EFP has been onsidered also for the 6-vertex model [9, 10, 11℄, for higher
spins XXZ [12℄ and for dimer models [13℄. We also remark that high temperature
expansions of the EFP for Heisenberg hains have been studied in [14, 15, 16℄.
A reent review of the EFP an be found in [5℄ or [17℄.
Field theory approahes are normally most suited for the alulation of large
distane asymptotis of orrelation funtions, but onventional tehniques like
those inspired by the Luttinger Liquid paradigm (i.e. bosonization) are not
appropriate for extended objets like the EFP and only apture its qualitative
behavior, while being quantitatively unreliable, as it was showed in [18℄. The
reason for this failure is that Luttinger Liquid is appliable only to low-energy
exitations around the Fermi points, where the linear spetrum approximation
is valid, while orrelators like the EFP involve degrees of freedom very deep in
the Fermi sea, where the whole spetrum with its urvature is important.
For this reason, the eld theory alulation of the EFP requires a non-linear
generalization of onventional bosonization, i.e. a true hydrodynami desrip-
tion of the system. In [17℄ it was shown that, with suh a non-linear olletive
desription available, the alulation of the EFP is possible by employing, for
instane, an instanton approah.
In this paper, we will extend the mahinery developed in [17℄ and apply
it to the spin-Calogero Model (sCM), for whih a (gradientless) hydrodynami
desription was reently onstruted from its Bethe Ansatz solution [19℄. The
sCM is the spin−1/2 generalization [20, 21, 22℄ of the well-known Calogero-
Sutherland model [23℄ and is dened by the Hamiltonian
H = − h¯
2
2
N∑
j=1
∂2
∂x2j
+
h¯2
2
(π
L
)2∑
j 6=l
λ(λ −Pjl)
sin2 pi
L
(xj − xl)
, (1)
where Pjl is the operator that exhanges the positions of partiles j and l. We
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hose to analyze this Hamiltonian assuming it ats on fermioni partiles, whih
means that the exhange term selets an anti-ferromagneti ground state [19℄.
The oupling parameter λ is taken to be positive and N is the total number of
partiles.
In [19℄, a olletive desription of the model was derived using four hydrody-
nami elds: the density of partile with spin up/down ρ↑,↓ and their veloities
v↑,↓. The Hamiltonian in terms of these elds is valid only for slowly evolv-
ing ongurations, where terms with derivatives of the density elds an be
negleted. This desription is referred to as a gradientless hydrodynamis. In
[19℄, this theory was used to show the non-linear oupling between the spin and
harge degrees of freedom beyond the Luttinger Liquid paradigm and it was
shown that, while a harge exitation an evolve without aeting the spin se-
tor (for instane for a spin singlet onguration), a spin exitation arries also
some harge with it, in a non-trivial way.
The EFP for the sCM has not been onsidered in the literature yet. For the
spin-less ase of the Calogero-Sutherland interation, the asymptoti behavior
of the EFP was obtained using the form of the ground state wavefuntion and
thermodynamial arguments [24℄ (see [5, 17℄ for details). It should be noted
that for ertain speial values of the oupling parameter λ, the spin-less theory
is tightly linked with Random Matrix Theory (RMT) and the EFP is the prob-
ability of having no energy eigenvalues in a given interval. For these values of
λ the EFP an be alulated with muh greater auray due to the additional
struture provided by RMT [26℄.
If we write the ground state of the system as ΨG(x1, x2, . . . , xN ), the Empti-
ness Formation Probability is dened as
P (R) ≡ 1〈ΨG|ΨG〉

|xj|>R
dx1 . . . dxN |ΨG(x1, . . . , xN )|2 , (2)
or, following [1℄
P (R) = lim
α→∞
〈ΨG|e−α

R
−R
ρc(x)dx|ΨG〉 , (3)
where ρc(x) is the total partile density operator
ρc(x) ≡
N∑
j=1
δ(x − xj) . (4)
For a model like the sCM, we an also introdue the EFPs for partiles with
spin up or down separately
P↑,↓(R) = lim
α→∞
〈ΨG|e−α

R
−R
ρ↑,↓(x)dx|ΨG〉 , (5)
whih will allow us to disuss the EFP as well as the PFFS.
The approah we use to alulate the EFPs (5) in this work is similar to what
was explained in [17℄. The idea is to onsider the system as a quantum uid
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evolving in imaginary time (Eulidean spae). Then the EFP an be onsidered
as the probability of a rare utuation that will deplete the region −R < x < R
of partile at a given imaginary time (say τ = 0). With exponential auray,
the leading ontribution to this probability omes from the ation alulated on
the saddle point solution (instanton) satisfying the EFP boundary ondition.
In setion 2 we will rst review the results of [19℄ and transform them into
an intriguing form where the dynamis an be deoupled into two independent
uids of spin-less Calogero-Sutherland partiles. This two-uid desription is
one of the interesting observations of this paper. In setion 3 we will explain
the instanton approah and formulate the problem in this language. In setion
4 we will onentrate on a generalization of the EFP, the Depletion Formation
Probability (DFP) whih was introdued in [18℄. This orrelator will allow us
to alulate the dierent EFPs very eiently by taking its dierent limits in
setion 5. Most notieably, we will derive the PFFS for the Haldane-Shastry
model as the freezing limit of the sCM. In setion 6 and 7 we will onsider two
additional DFP problems. Instead of speifying boundary onditions for both
the spin and harge setors of the uid as we did in the previous setions, we will
now relax these onditions and onstrain only one omponent at a time: this
analysis suggests that an eetive spin-harge separation an be onjetured for
the EFP/DFP of the sCM. In setion 8 we ombine all these results and suggest
a physial interpretation of them. The nal setion ontains some onluding
remarks. To avoid interruptions in the exposition, ertain tehnial formalities
are moved to the appendies and are organized as follows. In appendix A we
will revise and adapt the alulation of [17℄ to alulate the instanton ation
for our ases. In appendix B we will repeat this alulation in the linearized
hydrodynamis approximation or bosonization, to aid the disussions in setion
8.
2. Two-uid desription
In [19℄ the gradientless hydrodynami desription for the sCM (1) was de-
rived in terms of densities and veloities of spin up and down partiles: ρ↑,↓(t, x),
v↑,↓(t, x). Here, we prefer to use densities and veloities of the majority and mi-
nority spin: ρ1,2(t, x), v1,2(t, x), i.e. the subsript 1 (2) takes the value ↑ or ↓
whih ever is most (least) abundant speies:
ρ1 ≡ ρ↑ + ρ↓ + |ρ↑ − ρ↓|
2
=
ρc + ρs
2
, (6)
ρ2 ≡ ρ↑ + ρ↓ − |ρ↑ − ρ↓|
2
=
ρc − ρs
2
, (7)
where we introdued the harge and spin density
ρc(t, x) = ρ↑ + ρ↓ = ρ1 + ρ2 , (8)
ρs(t, x) = |ρ↑ − ρ↓| = ρ1 − ρ2 . (9)
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Please note that whatever speies is majority or minority is deided dynamially
in eah point in spae and time.
Under the ondition [19℄
|v1 − v2| < πρs , (10)
the Hamiltonian is
H =
1
12π (λ+ 1)
 +∞
−∞
dx
{
k3R1 − k3L1 +
1
2λ+ 1
(
k3R2 − k3L2
)}
, (11)
where
kR1,L1 ≡ v1 ± (λ+ 1)πρ1 ± λπρ2 ,
kR2,L2 = (λ+ 1)v2 − λv1 ± (2λ+ 1)πρ2 (12)
are the four dressed Fermi momenta.
It turns out that an auxiliary set of hydrodynami variables deouples the
Hamiltonian (11) into the sum of two independent spin-less Calogero-Sutherland
uids a and b:
H = Ha +Hb =
∑
α=a,b

dx
[
1
2
ραv
2
α +
π2λ2α
6
ρ3α
]
, (13)
where
ρa ≡ kR1 − kL1
2πλa
= ρ1 +
λ
λ+ 1
ρ2 , (14)
ρb ≡ kR2 − kL2
2πλb
=
1
λ+ 1
ρ2 , (15)
va ≡ kR1 + kL1
2
= v1 , (16)
vb ≡ kR2 + kL2
2
= (λ+ 1) v2 − λv1 , (17)
λa ≡ λ+ 1 , (18)
λb ≡ (λ+ 1) (2λ+ 1) . (19)
We remark that both the auxiliary variables and the real variables satisfy
the anonial ommutation relations, i.e.
[ρα(x), vβ(y)] = −ih¯δα,βδ′(x− y) , α, β = {1, 2}; {a, b} . (20)
The form of the Hamiltonian (13) is one of the interesting observation of this
paper, sine it allows us to redue the spin Calogero-Sutherland model into a
sum of two spin-less theories. Eah of the terms in square brakets in (13) is the
gradientless Hamiltonian of a spin-less CS system with oupling onstants λa,b
given by (18, 19). In [17℄ the gradientless hydrodynamis of spin-less partiles,
like the ones in (13) was used to alulate the EFP from the asymptotis of an
instanton solution. In the next setion we review this approah and we leave
the mathematial details to appendix A.
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3. The instantoni ation
Let us perform a Wik's rotation to work in imaginary time τ ≡ it. Note
that this makes the veloities in (12) imaginary (v → iv) and the k's omplex
numbers. The x − t plane is mapped into the omplex plane spanned by z ≡
x+ iτ .
Following [17℄, we will alulate the EFP as an instanton onguration (i.e.
a lassial solution in Eulidean spae) that satises the boundary ondition
ρα(τ = 0;−R < x < R) = 0 , α = 1, 2, c , (21)
in the limit R → ∞, i.e. R muh bigger than any other length sale in the
system. This limit guarantees that the gradient-less hydrodynamis (13) is
valid in the bulk of the spae-time. One we have the lassial solution of the
equation of motion φEFP that satises (21), a saddle-point alulation gives
the EFP with exponential auray as the ation S alulated on this optimal
onguration [17℄:
P (R) ≃ e−S[φEFP] . (22)
Of ourse, to uniquely speify the problem, the boundary onditions at innity
have to be provided as well and we will take them to be those of an equilibrium
onguration:
ρ1(τ, x)
x,τ→∞→ ρ01 , v1(τ, x) x,τ→∞→ 0 ,
ρ2(τ, x)
x,τ→∞→ ρ02 , v2(τ, x) x,τ→∞→ 0 . (23)
When ρ01 = ρ02 we have an asymptoti singlet state (the AFM in zero magneti
eld). The ondition ρ01 6= ρ02 an be ahieved via a onstant external magneti
eld whih would result in a nite equilibrium magnetization. It is easy to
implement these boundary onditions in our two-uid desription using (14-17).
The key point for the alulation is that we an represent the hydrodynami
elds in terms of the dressed Fermi momenta kR1, kR2 (whih in Eulidean spae
beome omplex and omplex onjugated to kL1, kL2 respetively) through (12):
kR1 = λaπρa + iva , kR2 = λbπρb + ivb . (24)
In [19℄, it was shown that these k-elds propagate independently aording to
4 deoupled Riemann-Hopf equations
∂τw − iw∂xw = 0 , w = kR,L;1,2 . (25)
These equations have the general (impliit) solution
w = F (x+ iwτ) (26)
where F (z) is an analyti funtion to be hosen to satisfy the boundary ondi-
tions.
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Guided by [17℄, the solution for an EFP problem is
kR1 = Fa(x+ ikR1τ) , kR2 = Fb(x + ikR2τ) , (27)
with
Fa(z) ≡ λaπρ0a + λaπηa
(
z√
z2 −R2 − 1
)
, (28)
Fb(z) ≡ λbπρ0b + λbπηb
(
z√
z2 −R2 − 1
)
, (29)
whih automatially satisfy the onditions at innity (23):
ρa(τ, x→∞) → ρ01 + λ
λ+ 1
ρ02 ≡ ρ0a ,
ρb(τ, x→∞) → 1
λ+ 1
ρ02 ,≡ ρ0b ,
va,b(τ, x→∞) → 0 , (30)
while ηa,b are two, possibly omplex, onstants that allow to satisfy the EFP
boundary onditions (21).
In appendix A we show that the instanton ation an be expressed as a
ontour integral where only the behaviors of the solutions (27) at innity and
lose to the depletion region are needed, saving us the ompliation of solving
the impliit equations in generality. Using the two-uid desription, the ation
an be written as the sum of two spin-less Calogero-Sutherland uids: from (96)
we have
SEFP = 1
2
π2R2
∑
α=a,b
λα ηα η¯α . (31)
Before we proeed further, we should mention that the two-uid desrip-
tion we employ is valid as long as the inequality (10) is satised. In fat, the
solution (27) ould violate the inequality in a small region around the points
(τ, x) = (0,±R). However, lose to these points the hydrodynami desription is
expeted to be somewhat pathologial, beause gradient orretions (whih we
neglet) beome important. As it was argued in [18, 17℄, the ontributions that
would ome to the EFP from these small regions are subleading and negligible,
in the asymptoti limit R→∞ we onsider. Therefore, we do not need to worry
about what happens near the points (τ, x) = (0,±R). However, a onsequene
of the singular nature of these points is that, in our solution, the speies that
onstitutes the majority (minority) spin in the region of depletion −R < x < R
at τ = 0, ould swith and beome minority (majority) at innity. This ould
be important to keep in mind in interpreting our formulae, but our formalism
already takes that into aount naturally.
4. Depletion Formation Probability
It is more onvenient to onsider a generalization of the EFP problem, alled
Depletion Formation Probability (DFP) whih was introdued in [18℄. In hydro-
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dynami language the DFP boundary onditions for the majority and minority
spins are
ρ1(τ = 0;−R < x < R) = ρ˜1 ,
ρ2(τ = 0;−R < x < R) = ρ˜2 . (32)
The DFP is a natural generalization of the EFP (21) and it redues to it for
ρ˜1,2 = 0. Of ourse, there is some ambiguity on the mirosopi denition of
the DFP (see [18, 17℄). One an, for instane, onsider it as the marosopi
version of the s-EFP introdued in [25℄. We will rst alulate the DFP as the
most general ase and later take the appropriate interesting limits.
In terms of the auxiliary elds we introdued in (14-17) to ahieve the two-
uids desription (13), the DFP boundary onditions are
ρa(τ = 0,−R < x < R) = ρ˜1 + λ
λ+ 1
ρ˜2 ≡ ρ˜a ,
ρb(τ = 0,−R < x < R) = 1
λ+ 1
ρ˜2 ≡ ρ˜b . (33)
We speify the parameters η1,2 in (28,29) by expressing the boundary on-
ditions (33) in terms of the dressed momenta using
ρ1 =
1
π(λ+ 1)
[
Re kR1 − λ
2λ+ 1
Re kR2
]
,
ρ2 =
1
π(2λ+ 1)
Re kR2 ,
v1 = Im kR1 ,
v2 =
1
λ+ 1
[
Im kR2 + λ Im kR1
]
. (34)
This leads to
λaηa = λa (ρ0a − ρ˜a)
= (λ+ 1)(ρ01 − ρ˜1) + λ(ρ02 − ρ˜2) ,
λbηb = λb (ρ0b − ρ˜b)
= (2λ+ 1) (ρ02 − ρ˜2) . (35)
It is now straightforward to obtain the DFP by substituting (35) into (31).
After some simple algebra we get
PDFP (R) = exp
{
−π
2
2
[
λ (ρ0c − ρ˜c)2 + (ρ01 − ρ˜1)2 + (ρ02 − ρ˜2)2
]
R2
}
= exp
{
−π
2
2
[
(λ+
1
2
) (ρ0c − ρ˜c)2 + 1
2
(ρ0s − ρ˜s)2
]
R2
}
, (36)
where we introdued a notation in terms of the harge eld (ρ0c = ρ01 + ρ02,
ρ˜c = ρ˜1 + ρ˜2) and of the spin eld (ρ0s = ρ01 − ρ02, ρ˜s = ρ˜1 − ρ˜2). Equation
(36) is the main result of this work. To understand it better, we will onsider
several interesting limits.
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4.1. Asymptoti singlet state
If no external magneti eld is applied, the equilibrium onguration of an
anti-ferromagneti system like the one we onsider is in a singlet state. This
means that in the boundary onditions at innity (23) we should set ρ01 = ρ02 =
ρ0. In this limit (36) redues to
P
singlet
DFP (R) = exp
{
−π
2
2
[
λ (2ρ0 − ρ˜c)2 + (ρ0 − ρ˜1)2 + (ρ0 − ρ˜2)2
]
R2
}
= exp
{
−π
2
2
[
(λ+
1
2
) (2ρ0 − ρ˜c)2 + 1
2
ρ˜2s
]
R2
}
. (37)
5. Emptiness Formation Probability
By taking the limit ρ˜1,2 = 0 we an use (36) to alulate the dierent EFPs.
The probability to nd the region −R < x < R at τ = 0 ompletely empty of
partiles is therefore
PEFP (R) = exp
{
−π
2
2
[
λ (ρ01 + ρ02)
2
+ ρ201 + ρ
2
02
]
R2
}
= exp
{
−π
2
2
[
(λ+
1
2
)ρ20c +
1
2
ρ20s
]
R2
}
, (38)
whih beomes
P
singlet
EFP (R) = exp
{
−π
2
2
(λ+
1
2
)(2ρ0)
2R2
}
(39)
for the asymptoti singlet state. This is equivalent to the EFP of a spin-less
Calogero-Sutherland system with oupling onstant λ′ = λ + 1/2, see (43).
This is onsistent with the phase-spae piture provided in [19℄, in whih it is
explained that for a singlet state eah partile oupies an area of π(λ + 1/2)
due to the exlusion statistis, while it would oupy an area π(λ+1) if it were
alone. Therefore, in this ontext, the harge eld an be thought of as desribing
a spin-less Calogero system with oupling onstant λ′ = λ+ 1/2.
5.1. Free fermions with spin
Setting the oupling parameter λ = 0 orresponds to non-interating (free)
fermions with spins and this redues (36) to
P free fermionsDFP (R) = exp
{
−1
4
[π (ρ0c − ρ˜c)R]2 − 1
4
[π (ρ0s − ρ˜s)R]2
}
= exp
{
−1
2
[π (ρ01 − ρ˜1)R]2 − 1
2
[π (ρ02 − ρ˜2)R]2
}
.
(40)
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This result is the same as the one obtained in [17℄. The EFP is then
P free fermionsEFP (R) = exp
{
−1
2
(πρ01R)
2 − 1
2
(πρ02R)
2
}
, (41)
whih agrees with the results obtained in the ontext of Random Matrix Theory
[26, 24℄, where the subleading orretions were also found.
5.2. Spin-less Calogero-Sutherland model
Of ourse, the prime hek to our formula for the DFP/EFP of the sCM is
to take its spin-less limit ρ˜2 = ρ02 = 0, whih gives
P
spin-less
DFP (R) = exp
{
− (λ+ 1)
2
π2 (ρ01 − ρ˜1)2 R2
}
, (42)
P
spin-less
EFP (R) = exp
{
− (λ+ 1)
2
π2ρ201R
2
}
, (43)
in perfet agreement with [17, 24℄ for a spin-less Calogero-Sutherland system
with oupling λ′ = λ+ 1.
5.3. Probability of Formation of Ferromagneti Strings
If we require the minority spin partiles to ompletely empty the region
−R < x < R at τ = 0, we are left only with the majority spin and we reated
a (partially) polarized state. We an refer to this ase as the Probability of
Formation of Partially Ferromagneti Strings (PFPFS) [18, 17℄. Setting ρ˜2 = 0
in (36) and leaving ρ˜1 nite we have
PPFPFS(R) = exp
{
−π
2
2
[
λ (ρ01 − ρ˜1 + ρ02)2 + (ρ01 − ρ˜1)2 + ρ202
]
R2
}
. (44)
The above is the probability of formation of ferromagneti strings aompanied
by a partial depletion of partiles, sine in the region of depletion we have ρ˜c =
ρ˜1. We an impose that the average density of partiles is onstant everywhere
by setting ρ˜1 = ρ01 + ρ02 = ρ0c, while still requiring all partiles in the region
−R < x < R at τ = 0 to be ompletely polarized (maximal magnetization:
PFFS)
PPFFS(R) = exp
{
− [πρ02R]2
}
. (45)
Note that (45) is independent of λ and exatly orresponds to the Emptiness
Formation Probability of a λ′ = λ + 1 = 2 spin-less Calogero model with bak-
ground density given by ρ02 (43). Interestingly the same result (52) will be
derived in the next setions as the EFP of minority spins, i.e. ρ˜2 = 0, in the
Haldane-Shastry model (46). This is just another aspet of the well-known re-
lation between spin-Calogero, Haldane-Shastry and λ′ = 2 spin-less Calogero
models [27, 19℄ as it will be shown in the next setion.
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5.4. The freezing limit
If we take the λ → ∞ limit in the spin-Calogero model (1), the harge
dynamis freezes (the partiles beome pinned to a lattie) and only the spin
dynamis survives. This freezing limit was shown by Polyhronakos [28℄ to be
equivalent to the Haldane-Shastry model (HSM) [27, 29℄:
HHSM = 2
π2
N2
∑
j<l
Sj · Sl
sin2 pi
N
(j − l) , (46)
an integrable Heisenberg hain with long range interation. In [19℄ the freezing
limit was studied through a systemati expansion of the hydrodynami elds in
inverse powers of µ ≡ λ+ 1/2:
Ω = Ω(0) +
1
µ
Ω(1) +
1
µ2
Ω(2) + . . . , ρc, vc, ρs, vs → Ω . (47)
With an additional resaling of time t → µt, the equations of motion were
separated order by order in powers of µ.
It was shown that the harge setor is frozen, in that harge dynamis ap-
pears only at orders O(µ−1) and higher, while the spin setor already has non-
trivial dynamis at order O(1). This dynamis is the same as the one derived
independently for the HSM, over a bakground density of partiles ρ0c = N/L.
As a onsequene of harge freezing, this bakground density is kept xed and
onstant up to order O(1) and utuation are suppressed as 1/µ. Therefore,
as µ = λ + 1/2→ ∞, harge onservation is imposed dynamially everywhere,
inluding in the region of depletion:
ρ˜(0)c = ρ˜
(0)
1 + ρ˜
(0)
2 = ρ01 + ρ02 = ρ0c . (48)
The above (48) along with the usual depletion boundary onditions (32)
redues (36) to
Pµ→∞DFP (R) = exp
{
−π
2
2
[
1
2
(
ρ0s − ρ˜(0)s
)2
+
1
µ
ρ˜(1)c +O(µ
−2)
]
R2
}
(49)
≃ exp
{
−
[
π
(
ρ01 − ρ˜(0)1
)
R
]2}
= exp
{
−
[
π
(
ρ02 − ρ˜(0)2
)
R
]2}
,
where orretions for a nite λ are of the order 1/µ. Eq. (49) oinides with (45),
where ondition (48) was imposed as a boundary ondition, and not dynamially
from the equations of motion.
5.5. Haldane-Shastry model
The hydrodynami desription of the HSM (46) was onstruted in [19℄,
resulting in the following Hamiltonian for the minority spins (remember that
the HSM is a lattie model and therefore there is no harge dynamis)
HHSM =

dx
[
1
2
ρ2 v
2
2 +
2
3
π2 ρ32
]
, (50)
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whih is the hydrodynami Hamiltonian for a spin-less Calogero system with
oupling onstant λ′ = 2, see (13). It is in fat known that the spetrum of
the HSM is equivalent to that of a spin-less Calogero-Sutherland model with
exlusion parameter λ′ = 2, but with a high degeneray due to the underlying
Yangian symmetry [27℄.
The onnetion between the HSM (50) and the sCM in the freezing limit is
to express the minority spin elds in (50) in terms of spin elds [19℄:
ρ2 =
ρ0c − ρs
2
, v2 = −2vs . (51)
It is straightforward, using (42) with λ′ = 2, to see that the PFPFS for the
HSM model is exatly (49):
PHSMPFPFS(R) = exp
{
− [π (ρ02 − ρ˜2)R]2
}
. (52)
The equivalene between (45), (49) and (52) is a strong hek of the onsisteny
of our methods and shows from a novel perspetive the well-known relations
between the sCM in the large λ limit, the HSM and the spin-less Calogero-
Sutherland model with λ′ = 2.
6. Spin Depletion Probability
So far, we onsidered a DFP problem speied by the boundary onditions
(32), i.e. by xing the density of both speies of partiles on the segment
τ = 0, −R < x < R. However, our formalism allows for a more general and
natural question. We an, for instane, demand a given magnetization (i.e. spin
density) on the segment, without onstraining the harge setor, i.e. imposing
the boundary ondition:
ρs(τ = 0;−R < x < R) = ρ˜s , (53)
instead of (32).
From (34) we have
ρs =
1
π(λ+ 1)
Re [kR1 − kR2] , (54)
substituting in (27,28,29) we nd that (53) is satised if
λaηa − λbηb = λaρ0a − λbρ0b − (λ+ 1)ρ˜s . (55)
This equation leaves undetermined a omplex onstant ξ = ξ1 + iξ2: for later
onveniene we parametrize the solution as
λaηa = λaρ0a − 1
2
ρ˜s −
(
λ+
1
2
)
ξ
13
=(
λ+
1
2
)
(ρ0c − ξ) + 1
2
(ρ0s − ρ˜s) ,
λbηb = λbρ0b +
(
λ+
1
2
)
(ρ˜s − ξ)
=
(
λ+
1
2
)
(ρ0c − ξ − ρ0s + ρ˜s) . (56)
We have onstruted the solution that realizes a onstant spin density in the
depletion region, while leaving the densities for the individual speies free to
vary. Please note that a nite imaginary part of ξ is neessary to have ∂xρ1,2(τ =
0;−R < x < R) 6= 0.
We an now substitute (56) in (31) to nd:
PSDP (R; ξ) = exp
{
−π
2
2
[(
λ+
1
2
)[
(ρ0c − ξ1)2 + ξ22
]
+
1
2
(ρ0s − ρ˜s)2
]
R2
}
.
(57)
This probability depends on two, yet undetermined, parameters: ξ1,2. If we
hoose ξ1 = ρ˜c and ξ2 = 0 we reover exatly (36), as we expeted. This would
orrespond to foring a given harge density at the depletion region, together
with (53).
We also note that the onguration that maximizes the probability (57) is
given by ξ = ρ0c:
PMaxSDP (R) = PSDP (R; ξ = ρ0c) = exp
{
−π
2
4
(ρ0s − ρ˜s)2R2
}
. (58)
One annot help but notiing the similarity between (58) and (49) or (52).
Sine the parametrization we hoose in (56) allowed us to express the prob-
ability (57) as a Gaussian for ξ1,2, we would get the same result by performing
an integral over the free parameters:
P optSDP (R) =
 ∞
−∞
dξ1
 ∞
−∞
dξ2 PSDP (R; ξ) = P
Max
SDP (R). (59)
where the prefator oming from the Gaussian integration is beyond our au-
ray anyway (note, however, that it does not depend on the harge density).
The integration over ξ orresponds to summing over all ongurations of the
form (27, 28, 29).
The probability of realizing the magnetization set by (53) is given by a sum
over all ongurations that satisfy the given boundary onditions. To perform
this sum orretly, we would need to onsider all possible harge density proles
ρ˜c(x) at the depletion region and therefore onsider more general solutions than
(28, 29). These general solutions are of the form
Fa(z) ≡ π
[
λaρ0a − 1
2
ρ˜s
]
z√
z2 −R2 +
π
2
ρ˜s + π
(
λ+
1
2
)
ξ(z) , (60)
Fb(z) ≡ π
[
λbρ0b +
(
λ+
1
2
)
ρ˜s
]
z√
z2 −R2 + π
(
λ+
1
2
)
[−ρ˜s + ξ(z)] ,
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where ξ(z) is an analyti funtion suh that Re ξ(x) = ρ˜c(x) and ξ(z →∞)→ 0.
The sum over all ongurations satisfying (53) an be formulated as a funtional
integral over all funtions ξ(z). However, it is easy to onvine oneself that the
ongurations that minimize the ation are of the form (28, 29), with ξ = ρ0c.
7. Charge Depletion Probability
The last problem we will address is onjugated to the one onsidered in the
previous setion, i.e. the probability of realizing a given depletion of the harge
ρc(τ = 0;−R < x < R) = ρ˜c , (61)
without onstraining the spin density. Using (34) we have
ρc = Re
[
kR1
πλa
+
kR2
πλb
]
, (62)
whih means that (27,28,29) fulll (61) if
ηa + ηb = ρ0a + ρ0b − ρ˜c . (63)
One again, we are left with the freedom of introduing a omplex number
ξ = ξ1 + iξ2 to parametrize the solution:
ηa = ρ0a − 2λ+ 1
2(λ+ 1)
ρ˜c − 1
2(λ+ 1)
ξ
=
2λ+ 1
2(λ+ 1)
(ρ0c − ρ˜c) + 1
2(λ+ 1)
(ρ0s − ξ) ,
ηb = ρ0b − 1
2(λ+ 1)
ρ˜c +
1
2(λ+ 1)
ξ
=
1
2(λ+ 1)
(ρ0c − ρ˜c − ρ0s + ξ) . (64)
Inserting this into (31) we obtain:
PCDP (R; ξ) = exp
{
−π
2
2
[(
λ+
1
2
)
(ρ0c − ρ˜c)2 + 1
2
[
(ρ0s − ξ1)2 + ξ22
]]
R2
}
.
(65)
Setting ξ1 = ρ˜s and ξ2 = 0 orretly reprodues (36), while the maximal prob-
ability is ahieved for ξ = ρ0s:
PMaxCDP (R) = PCDP (R; ξ = ρ0s) = exp
{
−π
2
2
[(
λ+
1
2
)
(ρ0c − ρ˜c)2
]
R2
}
. (66)
As before, sine (65) is Gaussian in ξ1,2, we would obtain the same result by
integrating over these variables
P optCDP (R) =
 ∞
−∞
dξ1
 ∞
−∞
dξ2 PCDP (R; ξ) = P
Max
CDP (R) , (67)
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where we negleted the oeient oming from the Gaussian integration beause
its beyond the auray of our methodology. This integration orresponds to
summing over all ongurations given by (28, 29). Again, we notie a striking
similarity between (66, 67) and (36). We will omment in the next setion on
how to interpret these results.
8. Disussion of the results
Eq. (36) looks like the produt of the two independent depletion probabilities
for the spin and harge setor. This interpretation is supported by the results
of the two previous setions, see (58) and (66), but it is quite surprising in a
sense. In fat, it would indiate a sort of an eetive spin-harge separation, as
if the spin and harge degrees of freedom ould be depleted independently. This
is ontrary to intuition, sine spin-harge separation is realized only for low-
energy exitations lose to the Fermi points, while the EFP involves degrees of
freedom deep within the Fermi sea (and requires a full non-linear hydrodynami
desription beyond the usual bosonization approah). However, it seems that
from a EFP perspetive spin-harge separation survives beyond the linearization
of the spetrum, at least at leading order for the sCM.
In fat, quite surprisingly, for the Calogero-type interation (as well as for
free fermions), the DFP result obtained for small depletions using a linearized
hydrodynamis (onventional bosonization) an be extended up to a omplete
emptiness and remain quantitatively orret [17℄. This is due to the fat that
the gradientless hydrodynami for this interation is purely ubi, see (11).
This fat has two important onsequenes: the rst one is that the equations
of motion an be written as Riemann-Hopf equations (25), whih are trivially
integrable with the impliit solution given by (26). This is important to onnet
the boundary onditions at innity with those due to the DFP. The seond fat
is onneted to the form of the parameters u and κ of the linearized theory,
whih in Hamiltonian formalism an be written in general as
H =

dx
[ u
2κ
Π2 +
u κ
2
(∇φ)2
]
, (68)
where Π(x) and φ(x) are onjugated elds. In terms of hydrodynami variables
(20) they are
v(x) ≡ Π(x) , ρ(x) ≡ ρ0 +∇φ(x) , (69)
where ρ0 is the bakground value over whih we are linearizing the theory. Note
that κ = 1
piK
, where K is the onventional Luttinger parameter [30℄.
For Calogero-type models, the sound veloity u depends linearly on the
density, while the interation parameter κ does not depend on the point around
whih we are linearizing. In appendix B we show that the sound veloity an be
resaled out of the DFP alulation (at zero temperature) and κ is the relevant
fator enoding the interation, whih determines the oeient of the Gaussian
behavior of the DFP. All these peuliarities of the Calogero interation onspire
in a way that extending the small depletion result to higher depletion is trivial
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and, in fat, gives the orret result. Let us remark in this respet, that any non-
linear theory an be seen as the integration of suessive linear approximation,
where the oeients are adjusted at eah point. In this light and from what
we pointed out above, it is lear that the simpliity of the Calogero interation
allows a simple integration of suessive linear theories for the DFP alulation
and this is the reason for whih the linearized result an be trivially extended
from a small DFP to a omplete EFP.
In appendix B we alulate the DFP in the linearized approximation (guided
by [17℄). The result is (105)
SlinearDFP =
π
2
κ (ρ0 − ρ˜)2R2 , (70)
where we used η = η¯ = ρ0 − ρ˜.
If we substitute (12) in (11) we an write the hydrodynami Hamiltonian in
terms of spin and harge elds as
H =

dx
{
1
2
ρcv
2
c +
π2
6
(
λ+
1
2
)2
ρ3c + ρsvcvs (71)
+
[(
λ+
1
2
)
ρc − λρs
]
v2s +
π2
4
(
λ+
1
2
)
ρcρ
2
s −
π2
12
λρ3s
}
.
By linearizing this Hamiltonian, i.e. by expanding the elds as ρc,s = ρ0;c,s +
δρc,s and looking at the oeients in front of the quadrati part, we nd the
following parameters:
uc(ρ0c) = π
(
λ+
1
2
)
ρ0c , κc(ρ0c) = π
(
λ+
1
2
)
, (72)
us(ρ0s) = π
(
λ+
1
2
)
ρ0c − πλρ0s , κs(ρ0s) = π
2
. (73)
We see that substituting these values in (70) orretly reprodue (58, 66) and
therefore (36) as well. This means that not only the linearized theory is suient
to alulate the orret oeients of the EFP, but also that the spin-harge
separation survives as if the linear theory was valid for high depletions as well.
To onlude, we an suggest a simple physial interpretation of (70). In
a Calogero-Sutherland system, the interation parameter κ = πλ′ has a simple
semilassial interpretation in terms of the phase-spae area oupied by a single
partile, see [31℄ and [19℄. We an then see that (70) represent a volume in the
x− τ − k spae: the phase-spae area at a given τ is of the order of κ(ρ0− ρ˜)R,
see, for instane, (24). This has to be multiplied by the number of partiles
involved in the depletion over time, whih is of the order (ρ0 − ρ˜)R.
9. Conlusions
We alulated the Emptiness and Depletion Formation Probability for the
spin Calogero-Model (1) and for the Haldane-Shastry Model (46). The EFP
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is one of the fundamental orrelators in the theory of integrable models and,
despite its being non-loal, is onsidered to be one of the simplest. Nonetheless
its asymptoti behavior is known only for a few systems and in this paper we
alulated it for the sCM and the HSM for the rst time, at the leading order.
The DFP is a natural generalization of the EFP in the hydrodynamis for-
malism we employ. By alulating the DFP in its most generality (36), we
an ahieve the dierent EFPs by taking its appropriate limit. The alulation
is done in an instanton piture, where the DFP is viewed as the probability
of formation of a rare utuation in imaginary time that realizes the required
depletion at a given moment.
The long distane asymptotis in 1-D models are normally alulated in a
eld theory approah using bosonization. However, as this approah is valid
only for low-energy exitations lose to the Fermi points where the linearization
of the spetrum is a reasonable approximation, it is not suient for the EFP,
whih involves degrees of freedom deep in the Fermi sea. For this reason we
used a non-linear version of bosonization, i.e. the hydrodynami desription
developed in [19℄.
All our formulae show a harateristi Gaussian behavior as a funtion of
the depletion radius R. This is to be expeted for a gapless one-dimensional
system, as it was rst argued in [18℄. This is beause in the asymptoti limit we
onsider, R is the biggest length sale in the system and therefore the instanton
onguration will have a harateristi area of R2, where the seond power omes
from the dimensionality of the spae-time. In [18, 17℄ it was also shown that for
small depletion, the linearized bosonization approah is suient to alulate
the DFP, while in general it deviates from the orret results for progressively
bigger depletion and, eventually, emptiness.
However, the Calogero-Sutherland kind of models (as well as non-interating
fermions) are speial and the linearized result happen to oinide with the or-
ret, non-linear one. We argued on the origin of this observation in the previous
setion. Moreover, we notied that (36) and the analysis of setion 6 and 7
indiates that, from a EFP perspetive, spin-harge separation seems to sur-
vive beyond the linear approximation, in disagreement with what one naïvely
would expet. This resurgene of linear results in a non-linear problem is a very
surprising result, peuliar of the sCM.
The oeients in front of R2 are novel of this work. In setion 8 we inter-
preted them from a bosonization point of view and via a simple semilassial
argument and throughout the paper we have heked them against known results
in ertain limits where possible. In partiular, we showed agreement with the
free fermioni limit (40) and the spin-less Calogero-Sutherland model (42). For
both of these models, the EFP has a partiular interest oming from Random
Matrix Theory, as it is known that for ertain rational values of the oupling
parameter λ the CSM desribes the RMT ensembles. It would be interesting if
the sCM would also have an interpretation in terms of some generalized random
matrix model, but we are not aware of suh onnetion yet.
In setion 5.4 we used the fat that the Haldane-Shastry model an be
ahieved as the freezing limit (λ→∞) of the sCM to alulate the Probability of
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Formation of (Partially) Ferromagneti Strings in the HSM. In setion 5.5, the
same quantity was derived independently from the hydrodynami desription
of the HSM. Setion 5.4 and 5.5 highlight the orrespondene between large-λ
sCM, HSM and λ′ = λ + 1 = 2 spin-less Calogero model from a EFP/DFP
perspetive.
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A. Ation for the DFP solution
In this appendix, we will revise the alulation presented in [17℄ and adapt
it to our ase. We want to nd the value of the hydrodynami ation alulated
on a given solution satisfying the DFP boundary onditions.
The gradientless hydrodynami ation in imaginary time τ ≡ it an, in
general, be written as
S =

d2x L[v, ρ] =

dxdτ ρ
{
v2
2
+ ǫ(ρ)− µ
}
, (74)
where
ǫ(ρ) =
λ2π2
6
ρ2 (75)
is the internal energy per partile of a Calogero system and
µ ≡ ∂ρ [ρǫ(ρ)]ρ=ρ0 =
λ2π2
2
ρ20 (76)
is the hemial potential. The ation (74) has to be supplemented with the
ontinuity equation
∂τρ+ ∂x (ρv) = 0 , (77)
whih an be onsidered as a onstraint relating the two onjugated elds ρ and
v. This onstraint an be resolved by introduing the displaement eld φ(x, τ):
ρ = ρ0 + ∂xφ , j = ρv = −∂τφ . (78)
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Physially, the displaement eld ounts the number of partiles to the left
of a point. We an use (78) to write the Lagrangian as a funtional of φ:
L[ρ, v] = L[φ]. Its variation then gives the Euler equation for the uid, whih
an be written more simply as
∂τv + v∂xv = ∂x∂ρ [ρǫ(ρ)] = λ
2π2ρ∂xρ . (79)
For the partiular hoie of internal energy (75), orresponding to the Calogero-
Sutherland interation or exlusion statistis, the Euler equation and the onti-
nuity equation an be ombined into a single omplex Riemann-Hopf equation:
∂τk − ik∂xk = 0 , k(τ, x) ≡ λπρ(τ, x) + iv(τ, x) . (80)
This equation has a simple, impliit, solution of the form
k = F (x+ ikτ) . (81)
In the body of the paper, we argued that a solution satisfying the DFP
boundary onditions is of the form
F (z) ≡ F (z; ρ0, η) = λπρ0 + λπη
(
z√
z2 −R2 − 1
)
. (82)
Here, ρ0 is the bakground (equilibrium) density at innity (where moreover
v = 0), and η is a, possibly omplex, onstant speifying the DFP.
To alulate the Depletion Formation Probability, we need to ompare the
ation (74) alulated on the solution (81,82) to the ation of an equilibrium
onguration:
S − S0 =

dxdτ
{
ρ
v2
2
+ ρǫ(ρ)− ρ0ǫ(ρ0)− µ(ρ− ρ0)
}
. (83)
To take advantage of the fat that (81) is a solution of the equations of motion,
we rst take the variation of (83) with respet to the parameters of the solution.
In this way, we will redue a two-dimensional integration to a ontour integral
over the boundaries, sine the bulk terms are proportional to the Euler-Lagrange
equations and vanish:
d (S − S0) = ∂ρ0 (S − S0) dρ0 + ∂η (S − S0) dη + ∂η¯ (S − S0) dη¯ . (84)
We have:
∂η (S − S0) =

d
2
x
{
−v∂τφη −
[
v2
2
− ∂ρ (ρǫ) + µ
]
∂xφη
}
=

d
2
x
{
−∂τ [v φη]− ∂x
[(
v2
2
− ∂ρ (ρǫ) + µ
)
φη
]
+
[
∂τv + v∂xv − ∂x∂ρ (ρǫ)
]
φη
}
= −

{
[v φη] dx+
[(
v2
2
− ∂ρ (ρǫ) + µ
)
φη
]
dt
}
, (85)
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where φη ≡ ∂ηφ.
The boundaries over whih the ontour integral is taken are, by Stoke's
theorem, the points where the integrand has a disontinuity. It is easy to hek
that this ontour omprises only two paths: one at innity (C0 ≡ {|x+ ikτ | =
∞}) and one around the branh ut of (82), whih we take along the real axis
(C1 = {τ = 0±,−R < x < R}).
From (81,82), at innity we have
ρ(|z0| → ∞) ≃ ρ0 + R
2
4
(
η
z20
+
η¯
z¯20
)
+ . . . , (86)
v(|z0| → ∞) ≃ −iλπR
2
4
(
η
z20
− η¯
z¯20
)
+ . . . , (87)
φ(|z0| → ∞) ≃ −R
2
4
(
η
z0
+
η¯
z¯0
)
+ . . . , (88)
and we see that the integrand in (85) along C0 vanishes too fast and the ontour
integral gives no ontribution.
Close to the ut on the real axis we have
ρ(τ = 0±;−R < x < R) = ρ0 − η + η¯
2
∓ iη − η¯
2
x√
R2 − x2 , (89)
v(τ = 0±;−R < x < R) = iλπη − η¯
2
∓ λπη + η¯
2
x√
R2 − x2 , (90)
φ(τ = 0±;−R < x < R) = −η + η¯
2
x± iη − η¯
2
√
R2 − x2 . (91)
Therefore
∂η (S − S0) =
 R
−R
[
v(x, 0+)φη(x, 0
+)− v(x, 0−)φη(x, 0−)
]
dx
=
λπ2R2
2
η¯ . (92)
Similarly, we have
∂η¯ (S − S0) = −

{
[v φη¯] dx+
[(
v2
2
− ∂ρ (ρǫ) + µ
)
φη¯
]
dt
}
=
λπ2R2
2
η . (93)
The derivative with respet to ρ0 is a bit more ompliated as it involves
more terms. After a bit of algebra and an additional integration by parts we
obtain:
∂ρ0 (S − S0) = −

{[
v (φρ0 − x)
]
dx
+
[(
v2
2
− ∂ρ (ρǫ) + µ
)
(φρ0 + x) + (∂ρ0µ)φ
]
dt
}
(94)
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where φρ0 ≡ ∂ρ0φ. Substituting the behaviors (86-88) and (89-91), the integrals
around the two ontours gives equal but opposite results (± 12λπ2(η + η¯)R2),
whih means
∂ρ0 (S − S0) = 0 , (95)
as one ould have expeted.
We an now integrate (84) using (92,93,95) to nd
SDFP = S − S0 = 1
2
λπ2 η η¯ R2 . (96)
B. Linearized Hydrodynamis and DFP
Let us linearize the hydrodynami equations, by expanding the theory and
retaining only the quadrati part of the Lagrangian. This linearized hydro-
dynamis is usually referred in the literature on one-dimensional models as
bosonization.
From the previous setion, we have that the gradientless hydrodynami La-
grangian for a one-omponent system is
L[j, ρ] = j
2
2ρ
+ ρ
[
ǫ(ρ)− µ
]
, (97)
where j = ρv. We expand the elds around a bakground value and we
parametrize the utuations around this bakground through the displaement
eld φ as in (78), so that the onstraint (77) is automatially satised. Keeping
terms up to the quadrati order we have
L[φ] = 1
2ρ0
(∂τφ)
2
+
1
2
∂2ρ (ρǫ)ρ=ρ0 (∂xφ)
2
+ ρ0
[
ǫ(ρ0)− µ
]
. . .
=
κ
2u
(∂τφ)
2 +
κu
2
(∂xφ)
2 + L[0, ρ0] + . . . , (98)
where in the last line we introdue the standard parameters of bosonization:
the interation parameter κ = κ(ρ0) and the sound veloity u = u(ρ0). The
displaement eld evolves aording to a linear wave equation:
∂2τφ+ u
2∂2xφ = 0 . (99)
The linearized treatment is valid for small utuations around the bak-
ground ρ0, i.e. as long as the gradients of φ are small and only low energy
exitations are involved. For this reason, it is not possible to alulate the EFP
through standard bosonization, but we an onsider a DFP with very small
depletion.
It is simple to see [17℄ that the solution that satises the DFP boundary
onditions is of the form:
φ(τ, x) = Re
[
η
(√
z20 −R2 − z0
)]
, (100)
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where z0 ≡ x + iu(ρ0)τ . For this solution to be ompatible with the linearized
approximation we need |η|/ρ0 ≪ 1.
It is easy to alulate the DFP by evaluating the linearized ation
S − S0 ≃

dxdτ
{ κ
2u
(∂τφ)
2
+
κu
2
(∂xφ)
2
}
(101)
on the solution (100). One immediately observes that, at zero temperature, this
ation does not depend on the sound veloity, as we an resale the time as
y ≡ uτ :
S − S0 ≃ κ
2

dxdy
{
(∂yφ)
2
+ (∂xφ)
2
}
. (102)
We an further resale the lengths by R and substituting (100) in (102) we get
S − S0 ≃ κ
2
ηη¯R2

dx˜dy˜
∣∣∣φ˜′(x˜+ iy˜)∣∣∣2 , (103)
where
φ˜(z) =
√
z2 − 1− z . (104)
Now all the physial parameters have been expliitly extrated and one has just
to perform an integral that ontributes only with a numerial fator. The result
is
S − S0 ≃ π
2
κ η η¯R2 . (105)
Sine for a Calogero-Sutherland system κ = λπ, we notie that (105) exatly
oinide with (96). This is quite surprising, sine, as we argued above, the
linearized result should be trusted to be approximately orret only for small
depletions. However, the Calogero kind of interation is very speial and we
an extend (105) to higher depletion, without loosing auray. In setion 8
we disuss the meaning of this observation. Let us remark that this result is
spei for the EFP and it is not to say that for Calogero-Sutherland systems
the eets of non-linearity are in general not important. For instane, eets of
non-linear spin-harge interations were observed and disussed in [19℄.
This DFP alulation an also be performed using the line integral tehnique
explained in the previous setion. In this ase, the variation of the ation (101)
gives simply:
∂η (S − S0) ≃

{
κ
u
(∂τφ)φη dx+ κu (∂xφ)φη dτ
}
= κ

{
(∂yφ)φη dx+ (∂xφ)φη dy
}
. (106)
One an then proeed as we showed in the previous setion to easily reover
(105).
23
Referenes
[1℄ V.E. Korepin, N.M. Bogoliubov, and A.G. Izergin, Quantum Inverse
Sattering Mehod and Correlation Funtions, Cambridge University Press
(1993).
[2℄ M. Shiroishi, M. Takahashi, and Y. Nishiyama, J. Phys. So. Jap. 70, 3535
(2001).
Emptiness Formation Probability for the One-Dimensional Isotropi XY
Model.
[3℄ A.G. Abanov, and F. Franhini, Phys. Lett. A 316, 342 (2003).
Emptiness formation probability for the anisotropi XY spin hain in a
magneti eld.
[4℄ F. Franhini, and A. G. Abanov, J. Phys. A: Math. Gen. 38, 5069 (2005).
Emptiness Formation Probability for the Anisotropi XY model in a Mag-
neti Field.
[5℄ F. Franhini, Ph.D. thesis, Stony Brook University, 2006, preprint
arXiv/0801.2734.
On Hydrodynami Correlations in Low-Dimensional Interating Systems
[6℄ N. Kitanine, J.M. Maillet, N.A. Slavnov, and V. Terras, J. Phys. A: Math.
Gen. 35, L753 (2002).
Large distane asymptoti behaviour of the emptiness formation probability
of the XXZ spin-
1
2 Heisenberg hain.
[7℄ V.E. Korepin, S. Lukyanov, Y. Nishiyama and M. Shiroishi, Phys. Lett. A
312, 21 (2003).
Asymptoti Behavior of the Emptiness Formation Probability in the Critial
Phase of XXZ Spin Chain.
[8℄ K.K. Kozlowski, J. Stat. Meh. 0802, P02006 (2008).
On the emptiness formation probability of the open XXZ spin-
1
2 hain.
[9℄ F. Colomo, and A.G. Pronko, Cont. Math. 458, 361 (2008).
The Arti Cirle Revisited.
[10℄ F. Colomo, and A.G. Pronko, Nu. Phys. B 798, 340 (2008).
Emptiness formation probability in the domain-wall six-vertex model.
[11℄ F. Colomo, and A.G. Pronko, arXiv:0803.2697 (2008).
The limit shape of large alternating sign matries.
[12℄ T. Deguhi, and C. Matsui, arXiv:0907.0582 (2009).
Emptiness formation probability of the integrable higher-spin XXX and
XXZ spin hains through the fusion method.
24
[13℄ J. Stolze, and T. Garske, arXiv:0904.3519 (2009).
The emptiness formation probability orrelation in homogeneous and dimer-
ized XX hains.
[14℄ Z. Tsuboi, and M. Shiroishi, J. Phys. A: Math. Gen. 38, 363 (2005).
High temperature expansion of the emptiness formation probability for the
isotropi Heisenberg hain
[15℄ Z. Tsuboi, Physia A 377, 95 (2007).
A note on the high temperature expansion of the density matrix for the
isotropi Heisenberg hain
[16℄ F. Gohmann, A. Klumper, and A. Seel, Physia B, 359-361, 807 (2005).
Emptiness formation probability at nite temperature for the isotropi
Heisenberg hain
[17℄ A.G. Abanov, in Appliation of random matries in physis, E. Brezin, V.
Kazakov, D. Serban, P. Wiegmann, and A. Zabrodin (Eds.) NATO Siene
Series II: Mathematis, Physis and Chemistry, Vol. 221 Springer (2005),
available also as arXiv:ond-mat/0504307.
Hydrodynamis of orrelated systems and spaing distribution in Random
Matries.
[18℄ A.G. Abanov, and V.E. Korepin, Nul. Phys. B 647, 565 (2002).
On the probability of ferromagneti strings in antiferromagneti spin
hains.
[19℄ M. Kulkarni, F. Franhini, and A.G. Abanov, Physial Review B 80, 165105
(2009), also at arXiv:ond-mat/0904.3762.
Nonlinear dynamis of spin and harge in spin-Calogero model
[20℄ A.P. Polyhronakos, Phys. Rev. Lett. 69, 703 (1992).
Exhange operator formalism for integrable systems of partiles.
[21℄ Z.N.C. Ha, and F.D.M. Haldane, Phys. Rev. B 46, 9359 (1992).
Models with inverse-square exhange.
[22℄ K. Hikami, and M. Wadati, Phys. Lett. A 173, 263-266 (1993).
Integrable spin-1/2 partile systems with long-range interations.
[23℄ For a review and original referenes see
B. Sutherland, Beautiful Models. 10 Years of Exatly Solved Quantum
Many-Body Problems., World Sienti, Singapore (2004).
[24℄ M.L. Mehta, Random Matries, 2nd rev. enl. ed. New York: Aademi
Press (1991).
[25℄ J.P. Keating, F. Mezzadri, and M. Novaes, J. Phys. A 39, L389 (2006).
A new orrelator in quantum spin hains.
25
[26℄ J. des Cloizeaux, and M.L. Mehta, J. Math. Phys. 14, 1648 (1973).
Asymptoti Behavior of Spaing Distributions for Eigenvalues of Random
Matries.
F. Dyson, Commun. Math. Phys. 47, 171 (1976).
Fredholm Determinants and Inverse Sattering Problems.
[27℄ F.D.M Haldane, Phys. Rev. Lett. 60, 635 (1988).
Exat Jastrow-Gutzwiller resonating-valene-bond ground state of the spin-
1/2 antiferromagneti Heisenberg hain with 1/r2 exhange.
[28℄ A.P. Polyhronakos, Phys. Rev. Lett. 70, 2329 (1993).
Lattie integrable systems of Haldane-Shastry type.
[29℄ B.S. Shastry, Phys. Rev. Lett. 60, 639 (1988).
Exat solution of an S=1/2 Heisenberg antiferromagneti hain with long-
ranged interations.
[30℄ T. Giamarhi, Quantum Physis in One Dimension; Oxford University
Press (2004).
[31℄ Y. Kato, T. Yamamoto, and M. Arikawa, J. Phys. So. Jpn. 66, 1954
(1997).
Elementary exitations and dynamial orrelation funtions of the
Calogero-Sutherland model with internal symmetry.
26
